ArXiv 11003. 26451 
FTPI-MINN-10/08 
UMN-TH-2839/10 



Large-N Solution of the Heterotic A/* = (0, 1) 
Two-Dimensional 0(N) Sigma Model 

Peter Koroteev and Alexander Monin 

O 

University of Minnesota, School of Physics and Astronomy 
CN 116 Church Street S.E. Minneapolis, MN 55455, USA 

Oh 

koroteev@physics.umn.edu 
\Q monin@physics.umn.edu 



Oh 

> 
in 

^ Abstract 

cn 

^ In this paper we build a family of heterotic deformations of the O(A^) 

y—i sigma model. These deformations break (1, 1) supersymmetry down 

>■ to (0, 1) symmetry. We solve this model at large A^. We also find an 

^ alternative superfield formulation of the heterotic CP^ sigma model 



which was discussed in the literature before. 



1 Introduction 



Various nonlinear sigma models have being investigated due to their similarities with non- 
Abelian gauge theories. Polyakov introduced the O(A^) bosonic sigma model and showed 
that it is asymptotically free [l] . This model was solved exactly for = 3 in Zamolodchikov's 
paper [2]. The supersymmetric generalization of the 0(3) sigma model was constructed by 
Witten in [3). He also developed a technique for solving the CP^ sigma model at large 
N for both supersymmetric and non-supersymmetric theories |4]. The common feature of 
the sigma models (without a mass), apart from being asymptotically free, is that due to 
quantum effects the spontaneous symmetry breaking disappears, and the symmetry gets 
restored. This fact is reflected by the absence of massless (not sterile) particles in the theory. 

Two-dimensional sigma-models with (0, 2) supersymmetry have been considered some 
time ago [5|^ More recently, the new interest in the heterotic CP^ sigma model was induced 
by the fact that this model naturally emerges as an effective theory of the moduli on the 
world-sheet of the non-Abelian flux tubes J7 which are present in four dimensional SU(iV) 
Yang-Mills theories [8[]Io] (for a review see (ll ) . The non-Abelian vortices for arbitrary gauge 



group in particular for SO(A^) and USp(A^) were constructed in 12 , while the generalization 
for the higher winding numbers was done in [13]. Edalati and Tong suggested 14 that the 
world sheet theory is a heterotic TV = (0, 2) theory. It was proven to be correct in the 
papers where the heterotic model was explicitly obtained from the M = 2 SYM bulk 
theory deformed by the mass terms of the adjoint field s. Sinc e then the different aspects of 
the CP''^ sigma model were considered in great details 
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In the present work, inspired by the recent developments in heterotic CP^ models, we 
study heterotic deformation of a supersymmetric O(A^) sigma model. The undeformed theory 
contains A^ scalar and A^ spinor real-valued fields. The bosonic fields are confined on a 
(A^ — l)-sphere. For generic values of A^ only (1, 1) supersymmetry is present in the model, 
while for A^ = 3 the model is equivalent to the supersymmetric CP^ sigma model, which 
actually possesses M = (2, 2) supersymmetrjj^ Although, to our knowledge, no bulk theory 
has been constructed for the heterotic 0{N) supersymmetric sigma model it is interesting 
in its own right. 

Given these obvious differences between SU(A^) and O(A^) models, one may expect to see 
different physical properties in the large N limit. In the current paper we find the spectrum 
of both (1, 1) and (0, 1) supersymmetric O(A^) sigma models and observe that it is very much 
reminiscent of the SU(A^) models. The only major difference between the two models is the 
number of vacua - it is always two in the orthogonal case and A^ in the unitary case (for the 
CP^-^ model). 

The paper is organized as follows. In Sec. [2] we discuss the (1, 1) supersymmetric O(A^) 
sigma model and introduce its heterotic deformation first in terms of superfields, then in 



"'^More references about study of superspaces, renormalization of heterotic sigma models can be found 

'"H ...... 

^ue to the Kahler structure of the target manifold, which is S in this case, the extra supercurrent 
emerges lifting (1,1) supersymmetr y u p to (2,2). 



■^However, there is an example 20 when the 0(3) sigma model emerges as an effective theory on the 
world-sheet of the string in the Af = 1* supersymmetric SU(2) gauge theory. But as we know the = 3 
case is special. 
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components. In Sec. [3] we find the vacua of (0, 1) lieterotic O(A^) model and derive tlie 
effective potential. Sec. |4] is devoted to the investigation of the spectrum of the model in 
question, we give explicit formulas for the masses and the couplings at different values of the 
deformation parameter. In Sec. [sjboth the (0,2) heterotic CP'^~^ and the weighted CP^~^ 
sigma models, which were discussed in [17] an d [To] , are formulated using the superfields. In 
Sec. [6] we present conclusions, and Appendix |A| contains notations and conventions we use 
in the paper. 



2 Supersymmetric 0(N) sigma model and its heterotic 
deformation 

The bosonic O(A^) sigma model with coupling constant go can be formulated as follows. The 
dynamics of real-valued scalar fields, subject to the constraint 



[n 



i\2 



is governed by the action 



S 



1 

4i 



(2.1) 



(2.2) 



The constraint (2.1 ) means that the isovector field n* , i = 1, is confined on a unit (A^ — 1)- 
sphere. The coupling constant Qq in (2.2) is a bare one. Considering additional fermionic 
degrees of freedom one can easily supersymmetrize the model p3]. Supersymmetry is obvious 
when the action is written in terms of the superfields |^ 



i\2 



where the the so-called isovector superfield has the following components 



= n' + e^' + yOF' , 



AT. 



with a generalization of the bosonic constraint (2.1) 

AT' = ro. 



(2.3) 



(2.4) 



(2.5) 



where a new coupling was introduced = . In (2.4) ip is a. Majorana two-component 
spinor together with 6 in (2.3). All components of the isovector superfield A^* (2.4) are real- 
valued. We have rescaled the fields in such a way that the coupling constant appears in the 
constraint (2.5) rather than in the action (2.3). Taking into account that 

j\f^ = n'n' + 2e^w + ee {fw - lipY) , (2.6) 

one can write the relations for the components of the superfields Af^ in the following form 



n 



0, 
0. 



(2.7) 



*Our notations can be found in Appendix [a| 
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The usual way to take into account the constraint is to introduce a Lagrange multipher. For 
the case at hand the latter is a chiral superfield 



s = a + 9\ + \eeD. 



{21 



Again, as in (2.4) all the components of the superfield S are real- valued. Therefore the action 



(2.3)can be rewritten in the following form 



1 

4e; 



2 ^apT^pS VaS 



-S [M' - ro) 



(2.9) 



where the limit for the coupling constant Cq — )■ oo is implied. Hence the auxiliary fields 
are not dynamical for the time being, however, in Sec. |4]it will be shown that the coupling 
constant gets renormalized, therefore, providing non vanishing kinetic terms for the auxiliary 
fields. Those will be used in investigating the mass spectra of the theory. 



Heteroric deformation. The model (2.9) is A/" = (1,1) supersymmetric, namely it is 



invariant under both left-handed and right-handed transformations. Now we are going to 
deform it by adding an extra left-handed fermion mixing with the initial ones, obviously 
breaking the (1, 1) supersymmetry down to (0, 1). Using the language of the superfields, we 
add the new term which contains only left-handed fermion and an auxiliary field 



where the chiral superfield B has the form 

B = ec + \eeG, C=(^°). 



(2.10) 



(2.11) 



It can be checked by a direct calculation that the above expression is indeed a superfield 
only with respect to the following left-handed transformations 



It is clear that the transformations involving do not preserve the form of B. 



(2.12) 



In the expression (2.11 ) the first term is the kinetic term for the left-handed field B (2.11 ) 



7 is the real- valued parameter of the deformation, and the latter term has explicit dependence 



on the Lagrange multiplier field S. Combined together with (2.9) the new constraint on the 
isovector superfield reads 

ATWi = ro + 27i3, (2.13) 



which only changes the latter two constraints from (2.7), namely 



(2.14) 
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leaving the first constraint and the constraint for the right-handed component of i/jr intact. 
The full Lagrangian is given by the expression 



- a {FV - - \D (n V* - tq) - ^ A^^^n* + z Az^V^^i^i* • (2.15) 
Integration over the auxiliary fields and G yields 

£ = 2dLn'dRn' + i^i^fl^'i + i^R^L^R 

+ KlOrCl - iXRiiplui - 7Cl) + iXLipRu' 

- h'^' + + i^^o + i(r^[i^R ■ (2.16) 



3 Effective Potential and Vacua 



Given (2.16) we first wish to find the vacua of the theory similarly to [4] where the non- 
supersymmetric U (N) sigma model was solved in the large- iV limit. Integrating out and 
ijj^ fields and expressing the result in terms of the dynamical scale A related to the bare 
coupling constant by 

N 



To 



-log^ 
47r ^ A2 ■ 



(3.1) 



with Muv being the ultraviolet cutoff, we obtain the following effective potential provided 
the rest of the fermionic fields are put to zero 



N 
8^ 



Dlog 



log 



a 



where we have introduced a new deformation parameter 

4717^ 



(3.2) 



u 



N 



(3.3) 



Minimizing the potential with respect to D and a one finds the vacua of the theory 

u 

(To = ±Ae" 2 , 
D = A'-a\ 



(3.4) 



Thus, there are two different vacua in the deformed model for any finite parameter u. One 



can integrate out the D field (3.2) and obtain the potential which depends only on a 

,2 



eff 



N 



A' + a'{ log 



cr 
A2 



1 + u 



(3.5) 
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Figure 1: Feynman diagrams contributing to the wave function renormalization of a. 



Vacuum Energy. Plugging the vacuum solution (3.4) into (3.2) we calculate the vacuum 
energy 

^.ac= ^A'(l-e-") . (3.6) 

From the expression above it is obvious that the supersymmetry is unbroken only if m = 0. 
At small u the vacuum energy behaves linearly with u or quadratically with the deformation 
parameter 7 

S.ac ~ — mA' = —A' . (3.7) 
At large u the vacuum energy scales linearly with N 

Syac ~ ^A^ . (3.8) 

4 Spectrum 

The next goal is to find the spectrum of the theory. To do so we are to obtain the one- 
loop effective action. The most straightforward way to calculate the action is to consider 
small fluctuations of the fields around the vacuum and to use what is called the long wave 
approximation. As a result we get the one-loop effective action in the large- approximation 
for the fields a, X and ( 

(7 A 

where e^j and e\ are the coupling constants that define the wave function renormalization of 
the a and A fields correspondingly, and V is induced the Yukawa coupling of the A and a. 
The wave function renormalization is easily calculated in the limit of small momenta. The 
diagrams contributing to are shown in Fig. [l] The actual calculation yields 

1 N [2 ol 1 1 \ iV e" 



el 8n 



/2 1 1 \ iV e" r , , 



Similarly, the renormalization of A is given by the diagram in Fig. [2j 

1 Nfl (T^ a^ + D\ A^ll-e-"(l + M 



I Att\D Z}2log ^2 J 4^ ^2 (i_e-«)2 • ^^-^^ 
Finally, the Yukawa coupling F can be found from either the triangular graph (see Fig. [3]), 
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Figure 2: The wave function renormalization for A. 




or, equivalently, as the masses renormalization from the diagram in Fig. [2| 

iV^ a^ + D ^ N 1 u 
AtiD^^ al 47rA2l-e-«' 

It is worth noting that although the fields a and A were introduced as auxiliary dummy fields 



in (2.10), they become dynamical after integrating out the fields n and ip. It is clear that in 
the limit D — )■ or u — )■ 0, which corresponds to the restoration of the supersymmetry, the 
coupling constants and e\ coincide 

^ = ^ = o 2- 4.5 

el el Stt al 

Now we can turn to actual calculation of the mass spectrum. It is obvious that the n and 
ip fields acquire mass due to the VEV of D and a, namely 

ml = al 



m: 



2 _ „2 



a', + D. (4.6) 



From the effective Lagrangian (4.1) one can easily find the expressions for the masses of the 
auxiliary field a 



AVg . (4.7) 



1 + ^e2« 



At nonzero values of the heterotic deformation parameter mixing between (l, Al and Xr 
occurs. In order to find the mass states, one needs to transform the fermion mass matrix 
to the canonical form. However, it is clear that there is a massless mode since only the 
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left fermion was introduced. To see this, one has to find the solution of the characteristic 
polynomial, corresponding to the fermion mass matrix 

which indeed has zero solution for any u. There is also another solution of the characteristic 
polynomial. Summarizing, we find the following masses of the fermions 

mp = 0, 

mp = ^l^el + ale\V^ = 2A ~ sinh ^. (4.9) 

4.1 Spectrum of masses at small u 

First, when the supersymmetry is unbroken u = 0, D = the masses of superpartners 
coincide. For the fields and ■?/'* it become 

i^i>L.R = mn = A, (4.10) 

while for the fermion Xl,r and boson a we have 

mx^^^ = = 2A . (4.11) 

The (l field is decoupled from other fields, it is sterile and massless. 

4.2 Spectrum of masses at large u 

When the parameter of heterotic deformation gets bigger, the splitting between the masses 
in our theory becomes more dramatic. For the and tp^ particles they are 

, _u 

m„ = V-D + 0-2 = A, = Ae 2, (4.12) 

thus the fermions become much lighter than bosons. The couplings behave differently as 
well. The coupling for a is 

1 _ e" 

^~4^6A2' ^^-^^^ 

and for A it becomes 

I N 1 , , 

The mass of the a field goes exponentially to zero for large u 

m„ = 2y3Ae-"/^ (4.15) 

The fermion mass matrix has a zero eigenvalue corresponding to the now massless left com- 
ponent of the field Xl, while the mixture of the fields (l and Xr produce the mass term 

mA^,a = Av^- (4.16) 

We see that being equal in the limit u — )■ the masses of a and A now become essentially 
different. For arbitrary value of the deformation parameter the ratio of the fermion matrix 
eigenvalue and the mass of cr is plotted in Fig. |4| Although the masses become equal not 
only for u = 0, there is no restoration of the supersymmetry. First, there is still a Goldstino 



and second, the vacuum energy (3.7) is not equal to zero at that point. 
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1 2" 

Figure 4: The ratio of the fermion mass matrix eigenvalue to the mass of a as a function deformation 
parameter u. 

5 Superfield formulation of the heterotic A/* = (0, 2) 
CP^~^ sigma model 



Distler and Kachru 21 constructed a very wide class of heterotic (0, 2) Calabi-Yau sigma 
models and provided gauged formulation for them. Their construction employs fiber bundles 
over complex projective spaces and includes heterotic (0, 2) CP^~^ sigma model in it. In 
this section we give a simple alternative derivation of the (0, 2) heterotic (weighted) CP^ 
sigma model from the Major ana formalism we used above. 

Recall that for the 0{N) sigma model we used the following trick - the constraint on 
the isovector superfield was replaced by a different one, but it did not affect the lowest 
component constraint; thereby the geometry of the theory was not deformed. In order to 
apply this trick for the CP^~^ model we write its action in the form found in |22j and deform 
it by adding the coupling of chiral field 

i3 = -ec + ieeTJ^, (5.1) 



constraint superfield 
and spinor superfield 



S = V2ai + V29u + yen (5.2) 



where ^ is a Majorana spinor, ai, cr2, A^, Ua, Va and D are real fields, while ( and J-" are 
complex ones Introducing now the complex isovector superfield 

AT' = n' + 9C + \99F\ (5.3) 

we can write the Lagrangian of the model in the following form 

>CcP^ = j [le^^iV^ + lAaWhl^^ - ^-^^Wi + ^S{U}Ui - ro) 

+ le^o^V^B^ VpB B{S - p-f^A) + H.c.) 1 , (5.4) 

^Note that for the present section we changed the notations of the fields in order for the reader to see 



the equivalence with the Lagrangian from 17 more easily. Also for convenience we consider to be a 



right-handed fermion and use the definition Ol^r = Oq ± di instead of one mentioned in Appendix. 
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where u is the complex-valued deformation parameter and V'~^^A = (7°7^)a/3 -^z?- Some 
comments about the Lagrangian are due. The advantage of the superfield formulation is 
that the supersymmetry is manifest without an explicit check. Although the Lagrangian for 
the undeformed theory is written using the M = (1, 1) formulation it possesses Af = (2, 2) 
symmetry due to the Kahler structure of the target space 23 . The field i3 is a superfield 
only with respect to the half of supertransformations Or ^ 9r-\- er, therefore the symmetry 
of the deformed Lagrangian is A/" = (0, 2) one. Also it should be noted that the field Aa 
has the form (5.3) only if one considers a particular gauge. Starting from the most general 

(5.5) 



expression for the real spinor field 
one can use the following gauge transformations 



(5.6) 



with $ being the scalar real superfield, to eliminate and A. The undeformed Lagrangian is 
obviously gauge invariant, while the invariance of the deformation is more subtle. The trans- 
formation of the term (7°7^)q,^ Ap is proportional to (7^7^)^^ T^aT^is^^ which is identically 
zero since the operators Vi and P2 anticommute. 

Carrying out the calculations and integrating out the auxiliary fields F and J-" we recover 
the Lagrangian of the (0, 2) CP^~^ sigma model considered in llT] 



+ 



- 4|u;r|o-| 



+ KrOlCr- ^v^wAlCh + H.c. 



where the following complex fields have been introduced 

(T = (Ti + i(T2 , Aq = Ma + iVai 

and = dfj, — lA^ is a usual notation for the covariant derivative 



(5.7) 



(5.^ 
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which emerges from the 



Analogously, the weighted CP^ sigma-model considered in 
reduction of J\f = 1 supersymmetric QC D w ith gauge group \J{Nc) and Nf fiavors can be 
easily deformed to the chiral version by (5.4), where the constraint M^Afi = tq is replaced 

by 

J^f^:^- ^I^^ = ro. (5.9) 

1=1 i=Nc+l 

In components the Lagrangian reads 



|V^n,|' + \V,p,\' + iCl^rCl + iCrVlCr + ^rr^yR^L + ^VR^LrfR 



- 2|a|>i|2 - 2\aW,\^ - D {\ni\^ - \p,\^ - tq) - 4 



+ 
+ 
+ 



iV2ni {XlCr - )^rCl) - ^^<rCl + H.c. 
-iV2pi {XlVr - A/jr/i) + iV2affj^7fj^ + H.c. 
CrQlCr- iv^wALCiJ + H.c. 



(5.10) 
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with 



= n' + ec + \eeF\ z = i,...,iVe, 
M^^^' = p' + erf + \eeF\ i = i,...,Nf-N,. (5.11) 

6 Conclusions 

In this paper we have constructed the heterotic A/" = (0, 1) supersymmetric O(A^) sigma 
model. Similarly to the CP^ sigma model it can be solved at large N. As a result we found 
the effective potential of the theory, which allowed us to get the spectrum. It appeared to 
be very much reminiscent of the spectrum of the (0, 2) CP^ sigma model in spite of the fact 
that the latter possesses a Kahler structure, and therefore a larger supersymmetry, whereas 
the former does not. For all values of the deformation parameter there is a massless fermion. 
For 7 = it is the extra left-handed sterile fermion, while for 7 7^ it is a Goldstino (mixture 
of the additional left-handed fermion and the initial right-handed one) corresponding to the 
supersymmetry breaking. The existence of the Goldstino is the evidence of the fact that 
the supersymmetry becomes broken at any nonzero value of the deformation parameter. 
Another proof of the supersymmetry breaking is the presence of the nonzero vacuum energy 
density. Also fields from the same multiplet acquire different masses when the deformation 
is turned on. 

The low energy one-loop effective potential has two vacua. From the naive point of view 
there should be one kink (and one antikink) interpolating between those vacua. However, 
such an argument leads to a wrong conclusion about the number of kinks for the CP^ sigma 
model. For the latter kink dynamics has been studied to a very high extent (see |9||24j and 



[19]). It was found that the different kinks correspond to the different integration contours in 
the a plane and that the number of kinks interpolating between two different vacua depends 
not only on but also on the number of vacua separating those two. Therefore, the question 
about the number of kinks in the O(A^) theory should be worked out more carefully. 

In the current paper we used Majorana A/" = 1 superfield formalism while constructing the 
action of the O(A^) sigma- model. The heterotic deformation was rendered by the coupling of 
the extra chiral superfield to the auxiliary superfield we have used to build up the undeformed 
theory. We then generalize this construction to the heterotic (0, 2) CP^ and weighted CP^ 
sigma models by adding an additional auxiliary superfield and modifying the interaction 
between the chiral superfield and the auxiliary superfields. One may now try to use our 
methods for investigating sigma models with twisted masses and their chiral deformations. 

Perhaps at this point the most intriguing question to be answered is from which four- 
dimensional bulk theory does the 0{N) sigma model originate from (if any). The analogy 
with U(A^) Yang-Mills theory and CP^~^ sigma models discussed in [t] and references therein 
is not clear - what number of supersymmetries does the bulk theory have to have? It 
is interesting to understand by means of what (extended object or mechanism) the bulk 
supersymmetry gets broken. 

Finally, the results of this paper hopefully can be used in string theory applications. 
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A Notations 

Here we list the notations and some useful relations we use in the paper. 
Gamma matrices 



Antisymmetric symbol 



Left and right coordinates 



Sa, = ( _°i J ) ■ (A.2) 



xl = xo + xi, do = dL + dR, 9l = |((9o + (9i) , 

xr = xo- xi, di = dL- Or, dR=\ {do - di) . (A.3) 



Left and right fermions 

are eigenstates of 7^ 
Derivatives and integrals 



7^Vii,L = ±^ii,L ■ (A.5) 



d'^e de = j dOi dOiOe = J dOi de2 2i^2^i = 2i , 

Contraction of indices for Majorana fermions 

^7°''^ = (^i)' = (^2)' = 0, (A.8) 



i 

— t 
2 

ejp = \5o.p99. (A.9) 
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Some relations for gamma matrices 



7'^t^7°7V- (A. 10) 
Supersymmetry transformations. Coordinate transformations 

+ ie-f^9, 

e^ + Ea. (A.ii) 

Chiral superfield 

$ = + ^^ + i^^F, (A.12) 
obeys the following supertransformations 

Sn — eip, 

5F ^ -ie-f^di,ip . (A. 13) 

A natural generalization of the chiral superfield is the isovector superfield 

J\fi = n' + 9il:' +\eeF\ i = l,...,N. (A.14) 
Supertransformations act as 



Supersymmetry generators 



Covariant derivative 



5^ = e£2$ (A. 15) 



= J^-i(7'^^)„a^, (A.16) 



= J- + ^ (7^^). a, , (A. 17) 



anticommutes with the supercharge 

{£la:Vfi} = Q. (A. 18) 

Chiral Notation. One can use the following identification 

u 



x^ = 7>"^ /^ = l,2, a,/3 = l,2. (A.19) 



Having done so we can write 

d 

Qa^eafS^ + O/sdap. (A.20) 
Ot>i3 
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Accordingly we have 

{Hi, Hi} = 2d,, = 2 - z^) = 2{H + V) , 
{n„ n^} = 2^21 = 2 + = 2(H - V) , 

{ni,n2} = o, (A.21) 

where "H and P are energy and momentum charges respectively. Covariant derivative reads 

d 

T^a = - iO^dafi ■ (A.22) 
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